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Abstract — We consider the problem of link scheduling for 
wireless networks with fading channels, where the link rates are 
varying with time. Due to the high computational complexity of 
the throughput optimal scheduler, we provide a low complexity 
greedy link scheduler GFS, with provable performance guaran- 
tees. We show that the performance of our greedy scheduler 
can be analyzed using the Local Pooling Factor (LPF) of a 
network graph, which has been previously used to characterize 
the stability of the Greedy Maximal Scheduling (GMS) policy 
for networks with static channels. We conjecture that the per- 
formance of GFS is a lower bound on the performance of GMS 
for wireless networks with fading channels. 

I. Introduction 

The link scheduling problem for wireless networks has 
received considerable attention in the recent past. In a wireless 
network with shared spectrum, interference from neighboring 
nodes prevents all nodes in the network from transmitting 
simultaneously at full interference free rate. A link scheduler 
chooses a set of links to deactivate at every time instant to 
eliminate their interference on other links and only active 
links transmit data. An important performance objective of a 
scheduler is throughput optimality, i.e., for any given network, 
the scheduler should keep all the queues in the network stable 
for the largest set of arrival rates that are stabilizable for that 
network. 

For wireless networks in which a set of link activation 
vectors are defined according to a general binary interference 
model, the Maxweight policy or the dynamic back-pressure 
policy is known to be throughput optimal Q]. Maxweight 
type policies have also been shown to be throughput optimal 
for wireless networks with fading channels, where the link 
rates vary over time ||2], 0. However, the Maxweight policy 
suffers from high computational complexity (NP-hard in many 
cases, including fc-hop interference models, k>l) (5), and has 
therefore motivated the study of schedulers that have low 
complexity, are amenable to distributed implementation and 
also offer provable performance guarantees. Examples of such 
schedulers include Greedy Maximal Scheduling (GMS)|8) and 
Maximal Scheduling! 10], which have been widely studied for 
wireless networks with static channels. 

There has been a number of studies that analyze the 
performance of GMS as a function of the network topology. 
The main parameter of focus has been efficiency, which is 
defined as the largest fraction of the network capacity region 
guaranteed to be stable under GMS. In J8), efficiency has been 
evaluated as a function of the local pooling factor of a network 
graph (LPF), which depends on the network topology and 
interference constraints. Later, using the LPF, GMS has been 
shown to be throughput optimal for a wide class of network 
graphs under the node exclusive interference model 0, ||9]- 




1 
1 . 


2 ci A 






c 2 




( 2 


C-2 





Figure 1: Figure shows an example of two interfering links 
with two fading states S\ and S2 , occurring with probability 
7T 1 and it 2 . The network stability region region, A is the 
interior of the region enclosed by the solid lines. 

The performance analysis of the aforementioned low com- 
plexity schedulers does not however, carry over to the scenario 
with fading, in which link rates are time-varying. For instance, 
unlike a static network, one cannot conclude in a network with 
time-varying links that satisfying local pooling under GMS 
implies throughput optimality. It is only known that in the case 
of the node-exclusive interference model, GMS can achieve at 
least half the network stability region. Thus, it is of interest to 
investigate if for networks with time varying link rates, GMS 
performs as well as it does in networks with fixed link rates. 

he 

In this paper, we develop a greedy link scheduler, GFS, 
for wireless networks with fading channels, which, although 
not throughput optimal, has low computational complexity and 
offers provably good performance guarantees. We show that 
the performance of our greedy scheduler can be related to 
the LPF of a network graph. We then conjecture that the 
performance of GFS is a lower bound on the performance 
of GMS for wireless networks with time-varying link rates. 

II. System Model 

We consider a wireless network modeled as a graph Q = 
(V, £) with edges representing links. We assume a single hop 
traffic model where each edge represents a source-destination 
pair. Time is divided into slots and packets arrive at the source 
node following an i.i.d. process with a finite mean at the start 
of each time slot. Let Ai{t) denote the number of packets 
arriving during time slot t. Ai(t) has a mean A;. The vector 
of channel states across all links in the network is assumed 
to be fixed over the duration of a time slot but changing after 
every time slot. The set of channels in the network can assume 
a state j e {1, . . . , J} according to stationary probability -kK 
In each time slot t, the achievable rate of link I € £, denoted 
by ci(t), assumes value c[ if the network is in fading state j 
at time slot t. The expected rate of a link, denoted by c/ is 
given by c; = X) 7 =i 7r "' c ;- We assume a generalized binary 
interference model, in which each link I is associated with an 
interference set, denoted by Ii C £. Set I; consists of the set 
of links that cannot be active whenever link I is active. 



Let r 3 denote a 1 X \£ | rate allocation vector for a network 
that is in channel state j, where r\ is the rate allocated to link 
i E £. Any rate allocation vector r> must satisfy the following 
properties: 

(a) r\ > implies r 3 k = 0, for all k G Ii, where k ^ I 

(b) There exists no link k G £ such that r? ^ ci and fc ^ X; 
for all I satisfying rj > 0. In other words there exists no 
link that does not interfere with any other active link and 
is yet not scheduled. 

Let TV denote the set of all feasible rate allocation vectors 
for a wireless network graph when the network is in channel 
state j. Similarly, TV C is the set of all feasible rate allocation 
vectors on the subgraph C C Q. The stability region of 
the network IfTl lfT?! is then given by the interior of the set 
A = {A : A < <fi, for some (j> = X^ei j w ^i^}> where 
ijji G Co(TV), with Co{TV) representing the convex hull 
of the set TV , and < denoting component- wise inequality. 
Fig. Q] shows an example of a simple two link network with 
two fading states, with the associated network stability region 
under a node-exclusive interference model. Figs. [TJa) and 
Figs. |TJb) illustrate the achievable rate regions in state S\ and 
S2 respectively. The network stability region A is shown in 
Fig. He). 

In related work, |2] considered a queueing model analogous 
to a cellular network with N links, where the network channel 
state followed an irreducible discrete time Markov chain with 
a finite state space. It was shown that the policy which selects 
the queue with the highest weight. 

in each time slot, where qi is the queue size for link I was 
throughput optimal for this network. In [0, it was shown that 
a Maxweight-type scheduling policy was throughput optimal 
for power allocation in wireless networks with time varying 
channels. Similarly, J4] also showed throughput optimality of 
a class of Maxweight type policies for wireless networks with 
fading channels. 

Before we describe our greedy scheduler, we discuss the 
performance of non-opportunistic schedulers in the following 
section. In particular, we focus on a scheduler that utilizes only 
the mean link rates, instead of instantaneous link rates. For this 
scheduler, we illustrate that when arrivals are correlated with 
channel states, the non-opportunistic policy can potentially 
keep serving links that are experiencing poor channel states, 
leading to a loss in throughput. 

A. Performance of Non-opportunistic Schedulers 

We show that a scheduler that utilizes the mean link rates, 
instead of instantaneous link rates could perform arbitrarily 
worse in certain cases. To illustrate this, we consider the two 
link network graph shown in Fig. Q] In this example, each 
link I has one queue Qi, into which packets arrive according 
to an IID process. Suppose that the rates of the two links in 
each of the channel states are given by c\ — l,c^ — e, and 
cf = e, c| = 1 respectively. Also, let it 1 be the probability 
with which the network assumes channel state 1, and it 2 
be the probability for network channel state 2. In each time 



slot, the greedy non-opportunistic scheduler that we consider 
serves the queue which maximizes the quantity Qi(t)c~i. We 
will now construct an arrival traffic for this network under 
which the queues for both links grow unbounded under the 
non-opportunistic scheduling scheme. 

Let the initial queue lengths be Qi(0) = Q2(0) = 0. At the 
beginning of each time slot, packets arrive according to the 
following statistics: 

(i) If the network channel state is 1, then with probability 

1 — <5, for an arbitrary 8 > 0, e packets arrive into the 
queue Q\, and none into Q2', With probability 6, C/ci + e 
packets arrive into the queue of link 1, and C/&2 packets 
arrive into the queue of link 2 respectively. C is a fixed 
positive quantity. 

(ii) If the network channel state is 2, then with probability 1 — 
6, e packets arrive into the queue Q2, and none into Q\\ 
With probability 6, C ' jc\ packets arrive into the queue of 
link 1, and C/c~2 + e packets arrive into the queue of link 

2 respectively. 

Under this arrival statistic, we show that the end of each 
time slot, the length of each queue either remains unchanged 
or increases by a fixed quantity C/ci. At the beginning of 
the first time slot, all queues are assumed to be empty. The 
non-opportunistic scheduler then serves the queue with the 
highest weight, i.e., the queue into which e or C/c; + e 
packets have arrived. At the end of each time slot, the queue 
lengths remain unchanged with probability 1 — 5, or increase 
by a fixed quantity C/ci with probability 5. Moreover, the 
queue lengths are also equal at the end of each time slot 
and of the form kC, where k is a nonnegative integer. 
Since the queue length process is non-decreasing, and the 
event that the queue length increases by a fixed positive 
quantity occurs infinitely often, the network is unstable 
under the greedy non-opportunistic scheduler. The arrival 
rate vector of our proposed arrival traffic is determined 
as A = tt^I - S)[e 0] + 7rM[c/ci C/c 2 ] + ir 2 (l - 
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C/c 2 ], which simplifies to A 
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Thus, when e is small, the greedy non-opportunistic scheduler 
is unable to support arrival rates that are within a fraction e 
of the stability region. Note that in the above example, the 
arrival process is correlated with the network channel state 
process. 

III. A Greedy scheduler for Networks with 
Fading Channels (GFS) 

The greedy scheduler that we propose is similar to GMS 
except that it requires each link to have a virtual queue 
corresponding to every channel state of the network, i.e., each 
link has a set of J virtual queues. In each time slot, packets 
arriving into a link I are placed into one of the J queues. In 
practice, each link could maintain only one real first-in first-out 
queue, into which packets arrive and depart, and counters for 
the virtual queues which keep track of the number of packets 
in the virtual queue. The GFS scheduler would use the values 
of the counters to make the scheduling decision. Using such 
counters, also known as shadow queues have been effective 



in reducing queueing complexity and delay |[T5l . Let Q; be 
the virtual queue of link I corresponding to fading state j and 
q? it) denote its size at time t. Let Q; denote the real FIFO 
queue of link I. We now describe our greedy scheduler: 

(1) At the beginning of time slot t, packet arrivals Ai(t — 1) 

are placed in queue Qj with probability -^- L . 

(2) In time slot t, let the network be in fading state j. 
GFS observes only the queues corresponding to fading 
state j, in order to select the rate allocation vector. 
The scheduler first selects the link with highest weight 
m = argmax; e £ q{c\, removes all links in I m from the 
set of potential links to be scheduled at time t, and repeats 
the process until there are no more non-interfering links 
that remain to be selected. 

At the end of this procedure GFS selects a rate allocation 
vector that belongs to TV , when the network channel state is 
j. Note that the GFS policy becomes identical to GMS in the 
case of networks with static link rates. Also, the application 
of the GFS policy on the queues corresponding to fading 
state j, requires the knowledge of the network fading state 
at every node in the network. The departure process for the 
virtual queues can now be described as follows: For any link I, 
mm(r(l),Q 3 ,(t)) packets depart from virtual queue qj, while 
min(r(i), Qi(t)) packets depart from the real FIFO queue qi. 



A. Performance Analysis of GFS 

We now give the main result of this paper, which uses 
the LPF of a network graph to evaluate the stability region 
achievable using GFS. Before we state our result, we define the 
following static wireless network: given any wireless network 
graph Q = (V, £) with time varying link rates, we associate 
with Q a static wireless network G = (V, £ ), whose link rates 
are fixed at ci, VI, Let 7Z denote the set of all feasible rate 
allocation vectors for the network graph G. We also define 
Qi = (V, £) to be a static network whose link rates are fixed 
at d,\/l, j = 1 , . . . , J. Finally, we let A and A denote the 
network stability regions of the networks Q and Q respectively. 
Note that A C A, since The LPF for the network graph Q can 
then be defined as follows (7): 

Definition 1. Let C be any subgraph of Q. Then C satisfies 
a-local pooling if for any given pair ft, v, where jl and V 
are convex combinations of the rate vectors in 1Zc> we have 
ajl -fi V. 
The LPF a*, for the network is then defined as: 

a* = sup <a\y£<zG,£ satisfies a-local pooling > . 

The LPF of a network graph depends only on the topology 
of the network graph and therefore is identical for Q and 
Qi,j &{!,..., J}. 

Theorem 1. Let a* be the LPF of a network Q. Then, the 
network Q is stable under the GFS policy for all arrival rate 
vectors A satisfying A £ a* A, where A is the stability region 
of the corresponding network graph Q. 

Theorem 1 provides performance guarantees for our 
scheduling policy for any wireless network in terms of the 



stability region of an associated identical static network whose 
link rates are fixed at their expected rates. Note that an LPF 
of 1 implies that the associated greedy policy can guarantee 
stability for any arrival rate in A. Examples of network graphs 
which have LPF = 1 include tree network graphs under the 
k-hop interference model for k > 1. In (6j, all network graphs 
with LPF = 1 under the node-exclusive interference model 
are identified. 

We prove Theorem 1 by first establishing the stability of the 
virtual queues. We then provide Lemma[3]to establish stability 
of the real FIFO queues as well. 

Proof: We consider the fluid limit model of the system. 
Let A\ (t) denote the cumulative arrival process into queue 
q{ and S\i£) denote the cumulative service process for Qj 
until time slot t. For the arrival and service processes, we use 
Aj(t) = Ai([t\), and Sf (£) = Sfi[t\). For the queue process 
qHt), we employ linear interpolation. 

We now consider a sequence of scaled queuing sys- 
tems (q n (-),A n (-),S n (-)). where we apply the scaling 
qf(nt)/n, A\{nt)/n, and Sf(t)(nt)/n, V7 £ £ with the 
queue process satisfying Y^we of (0) < n. Then, using the 
techniques to establish fluid limit in |fl3l , one can show that 
a fluid limit exists almost surely, i.e, for almost all sample 
paths and for any positive n — »• oo, there exists a sub- 
sequence nk with rife — y oo such that following conver- 
gence holds uniformly over compact sets: For all Z £ £, 

A-{AJy<°(n k t) -+ 4rU*, J G 1 ... J, A-{Si(tr*(n k t) -> 
Sf(t), and £{«?}•*(»**) -> §?(«), where §f (t)(t) and Sf(t) 
are the fluid limits for the queue length processes and the 
service rate processes respectively. The fluid limit is absolutely 
continuous and hence the derivative of qf{t) exists almost 
everywhere |[T3l satisfying: 
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otherwise 



(1) 



where 7 /(i) = | («?'(«))• 

Consider the times t when the derivative A q\ (t) exists for 
all I £ £ , j £ 1, . . . , J. Let Lo(t) denote the set of queues with 
the largest weight, i.e., Lo(t) = argmax Q j ^ qj{t)c[, where 
^ is the set of all queues in the network. Let Lit) denote the 
set of queues from L^t), which have the maximum derivative 
of the weights, i.e., Lit) = argmax Q J GL , t -. J^sf (t)cj. The set 
Lit) can then be expressed as (JL-'(t), where 

L j (t) = {Q{J e£\Q{ e Lit)}, j = 1...J. 

Since gf (t) is absolutely continuous, there exists a small 
5 > such that in the interval (i, t + 5), the weight of queues 
in Li it) dominates the weight of other queues, whenever the 
network channel state is j. Hence, GFS gives priority to queues 
belonging to LJ{t) in it,t+S). We now provide the following 
two lemmas to characterize the arrival rates and service rates 
for the queues in Li it). Let £hi(t) C Qi denote the set of 
links whose queues are in Li it). Thus IZi- denotes the set 

C L3{t) 

of all feasible rate allocation vectors for the subgraph £hi{t)- 
Let \i be the \£ I dimensional arrival rate vector whose each 
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Figure 2: A four-link network graph is shown in Fig. |2a1and 
the performance of GFS and GMS is plotted in Fig. [2b] 

element A-' (I) represents the arrival rate into queue q^. For 
any \£\ vector fj, the projection of fj on a subset of edges 
L, denoted by tJ\l, is defined as the \L\ dimensional vector 
obtained by restricting fj to the edges in L. 

Lemma 1. Consider any fading state j G 1 ... J such that 
L 3 (t) 7^ 0. If the arrival rate vector A G a* A, then X 3 , the 
arrival rate into the queues qj VI G £, when projected on to 
the set of links El it) can be expressed as X 3 \g j = a* it 3 jl, 
where jl is a convex combination of the rate allocation vectors 
in IZi 

C L3(t) 

Proof: Since A € cr*A, it satisfies A -< er*$, for some 
$ = Y2% a i?i' where fi G 71, and J^. «j = 1. One can then 
write the arrival rate into a link I as A; = <t*q Yli a i^-{fi(i)^o}i 
where l-r^z^o} is the indicator function. The arrival rate into 

queue Q^ is then given by A^ = cr*^ci 1 £ l i a i 1 {h(l)?o}, 

which yields Xj = a*-K 3 c°i J2i a i^-{fi{i)^o}^ f° r a U I S 
£,andi G {1...J}. We can then write the arrival rate 
vector X 3 in terms of rate allocation vectors in TV as X 3 = 
a*7r 3 J2 l a i r' l , since if l {h{l)7 t 0} = 1, then l {r j {l) ^ 0} = 1, 
or c 3 , — 0. It follows that X 3 \£ . -< a*Tr 3 jl, where U, is a 
convex combination of the rate allocation vectors in 7V £ 



L3(t) 



Lemma 2. Consider any fading state j G 1 ... J such that 
L 3 (t) 7^ 0. Then the service rate vector ~j 3 (t), projected onto 
the links in £ L .u\, can be expressed as 7 J \s ■ = n 3 u, where 
v is a convex combination of the rate allocation vectors in 

n ■ 

°L3(t) 

Proof: The full proof is similar to that in |2] and [7] and is 
omitted here. Consider all queues belonging to L 3 (t). Since the 
queues in L 3 (t) have the highest weight in (t, t + S) when the 
network is in state j, the GFS scheduler gives priority queues 
in L 3 (t) whenever the network channel state enters state j in 
the time interval (£, t + S). Consequently, the rate allocation 
vectors selected by GFS in network channel state j, when 
projected on the set of links ^LJ(t) yields an element from the 
set lZ 3 LJ(t y Therefore, under the GFS policy, the service rate 
vector 7 J (£) for the set of queues Q J , projected onto £hHt) 
is a convex combination of the elements of TvLi . From the 
ergodicity of the network channel state process, GFS serves 
elements in TV L ji t \ a fraction ix° of the time. It follows that 



l 3 \Lj(t) =K 3 l 



From Lemma H] and Lemma El the arrival rate A- 7 1 p as 
well as the service rate 7 J *|g can be expressed in terms 
of the convex combinations of elements in TV L ii t y Since 
Q satifies a* local pooling, £-LHt) being a subgraph of Q 3 
satisfies a* local pooling. It follows from the definition of 
er-local pooling that there exists a link I e ^Li(t) sucn that 
its queue q^ satisfies A^ — 7/ < — e, for some e > 0. Since 
!?/(*) = Tt~C(t) for an y P air Qf, Q^ G L(t), we obtain 
j- t q 3 {t)<e, for all Q^ G L{t). 

We now consider the Lyapunov function V(t) = 
max; e £ ,j6{i...j} Qi ■ The derivative of V(t) is given by : 



d , , d 



dt 



max qi c^ < max — g^Cj < — e 



dt /g£j"s{i...J} 



q]£L(t) 



dt 



The negative drift of the Lyapunov function implies that the 
fluid limit model of the system is stable and hence by Theorem 
4.2 in |Q~3), the original system is also stable. 

Lemma 3. Consider any sequence of arrivals Ai(t),t = 
1, 2, 3 • • • , for all I G £ . Then under the GFS policy, we have 
1i(t) < T,j=i tf(t)+B, Vi = 1, 2, 3, ■ • • , and VI G E, where 
B is a bounded positive number. 

Proof: Without loss of generality, we assume B = 0. 
Suppose at the beginning of time slot t, t > 0, we have qi (t) < 
^2' 1=1 qj(t), VI G £. Let j denote the network state in time 
slot t. Then, if Di(t) and Dj(t) denote the packets departing 
in time slot t from the real FIFO queue qi and the virtual queue 
q\ respectively , the following must be true: If Di(t) = D 3 (t), 
then in time slot t + 1, we have qi(t + 1) < 2~Z 7 =i ll (^ + 1)' 
since both qi(t) and 2^7=1 lift) are incremented by the same 
number of arrivals Ai(t). Similarly, if Di(t) > Dj(t), then 
it again implies that qi(t + 1) < X) 7 =i <fi (^ + !)■ Finally, if 
Di{t) < D\(t), it implies that q L (t) < rj(t). Consequently, 
qi(t) empties and q t (t + 1) = A t (t) < Y, i= i 9?'(* + !)■ since 
qi{t) < 2^7=1 lift) is satisfied at t = 0, we obtain the desired 
condition at any time t. ■ 

Lemma 3 shows that if the virtual queues are stable then 
the corresponding real FIFO queue is also stable. ■ 

IV. Simulation 

In this section we simulate the performance of GFS for the 
four link network graph shown in Fig. [2a] Each link indepen- 
dently assumes one of four different states in each time slot, 
where the link states correspond to rates 1, 2 , 3 and 4 units 
per time slot. The probability distribution of the link states are 
independent and non-identical across links, with the average 
link rates being c\ = 2.7, c 2 = 2.1, C3 = 2.8, and C4 = 3.1 
respectively. In Fig. [2b] we plot the total queue sizes as we 
uniformly increase the arrival rate into all links. The plots 
show that GFS is able to sustain a load of atleast 1 unit per 
link. Since the network in Fig. [2a] has LPF value of 1, GFS 
can stabilize the region A. GFS therefore guarantees a per-link 
symmetric rate of at least 1, since the arrival rate [1111] 
lies inside A. While the performance of GMS is better than 



GFS in the plot of Fig. |2b] the current known performance 
guarantee of GMS is only half the network stability region 
A under the one-hop interference model, which corresponds 
to a symmetric load of 0.5 per link. Based on simulations, 
we conjecture that the performance of GFS is a lower bound 
on the performance of Greedy Maximal Scheduling in time 
varying wireless networks. The performance guarantees for 
GFS thus motivates the analysis of GMS for time varying 
networks as our future work. 



[14] L. Georgiadis, M. Neely, and L. Tassiulas. 2006. Resource Allocation 
and Cross Layer Control in Wireless Networks (Foundations and Trends 
in Networking, V. 1, No. 1). Now Publishers Inc., Hanover, MA, USA. 

[15] L. Bui, R.Srikant, and A. Stolyar, "Novel Architectures and Algorithms 
for Delay Reduction in Back-Pressure Scheduling and Routing", Pro- 
ceedings of IEEE Infocom, April 2009, Rio De Janeiro. 



V. CONCLUSION 

We develop a greedy scheduler, GFS, for wireless networks 
with time varying channel states and provide provable per- 
formance guarantees for this scheduler. Our greedy sched- 
uler, though suboptimal, has low computational complexity 
and performs better than non-opportunistic schedulers that 
do not exploit instantaneous channel state information. The 
performance guarantees, along with simulations, also paint 
an optimistic picture of the performance of GMS in wireless 
networks with fading channels, and we conjecture the stability 
region guaranteed under GFS for any wireless network to be 
a lower bound on the stability region of GMS. 
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